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Instructions:

1. Each candidate is provided with the following documents:
1.1 Question paper including cover page — 22 pages
1.2 One sheet of draft paper

2. Fill in your JAE No., campus, building, room and seat no. on the front page of the examination paper.

3. There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark of this
paper is 60.

4. Put your answers in the lined pages provided. Answers put elsewhere will not be marked.

5. Show all your steps in getting to the answer. Full credits will be given only if the answer and all the

steps are correct and clearly shown.
The diagrams in this examination paper are not drawn to scale.
Calculators of any kind are not allowed in the examination.

Answer the questions with a blue or black ball pen.

© © N o

Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages following each

question.
1.

A

4o @) > ABCD %_w %7, » ABC 8 % 8= 42> PAD ¥.2 PD 5 &
) T T

$EF &2 89) 0 LPAC =7 LPCA=—"|PA|=1% |CD|=2"

(a) &M DA £ PC £ - (6 4)
(b) #= 444 PBCD cri# o (6 ~)
(c) T & APD 4oL & CPD = o & cidpiz |

L
B ©°

[#7:3% M 5 DP ¥ gk o] (8~)
In the above figure, ABCD is a quadrilateral, ABC is an equilateral triangle, PAD is

A A
a right-angled isosceles triangle with hypotenuse PD. 2PAC = > LPCA = o

|PA| =1and |CD| = 2.
(@) Show that DA and PC are perpendicular. (6 marks)
(b) Find the volume of the triangular pyramid PBCD. (6 marks)
(c) Find the cosine of the dihedral angle between plane APD and plane CPD.

[Hint. Let M be the mid-point of DP.] (8 marks)



2. @ - T4 F L 1K cRHARLEL x KEMFAFE V() 22K o

() &P V2(x) =—(x —x%0<x<1- (2 A)
(i) % 0< x <1 VZ(x) chh4E+ Efokh Itk | & o (4 A)
(i) o &y =V?(x) 488 - (34)
(iv) 8 * (i) o (ili) s % - B e ®y =V2(x) o (2 ~)
(V) & RFléacnd <~ RF A5 7 1 4)
(0) %k k50 ¥#Hce £AF - '8¢ »d BRy=xZ%3iFd %Egy_—'f y_g
rE FlenE B g AL RkaiE e (8 ~)

(a) The slant height of a right circular cone is 1 m. Suppose its base radius is x m and

its volume is V(x) m3.

(i) Show that V2(x) = = (x* = x%), 0 < x < 1. (2 marks)
(i) Find the local maximum and local minimum values of V2(x) when
0< x<1. (4 marks)
(iii) Find the inflection point(s) of the curve y = V2(x). (3 marks)
(iv) Using the results in (ii) — (iii), sketch the curve y = V?(x). (2 marks)
(v) What is the maximum possible volume of the cone? (1 mark)

(b) Let k be a positive constant. Suppose, in the first quadrant, the area of the region

bounded by the line y = x and the two curves y = % andy = g is 1. Find the

value of k. (8 marks)
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2
©aefEd SHix? -2 =104 @8 P(50) LT M LS HY T F

i 8L A(xy,¥1) T2 B(x2,¥2) o A m & L et 5 o

() P x; fr xy % 3 42 (m? — H)x? — 2V5m%x + (5m? +4) =0 - (2 4)
(b) & m B~ g = e (4 =)
(©)2 0 % BB« f£minfEi @ 0ALOB - 6 )

(d) % m=+5 &= &2 AOB % #
[T REOPF = £35 A0B ~» 57 B = &) -] (8 )

Given a hyperbola H: x? — yTZ = 1. A non-vertical line L passing through the point P(+/5, 0)

interests with H at two distinct points A(x;,y;) and B(x,, y,). Let m be the slope of L.
(a) Show that x; and x, satisfy the equation

(m? — 4)x? — 24/5m?x + (5m? + 4) = 0. (2 marks)
(b) Find the range of m. (4 marks)
(c) Let O be the origin. Find the value(s) of m such that 0A L OB. (6 marks)

(d) Suppose m = /5. Find the area of the triangle AOB.
[Hint. The segment OP divides the triangle AOB into two triangles.] (8 marks)



4. ®i=+-1-

@ (1) 4&5% r(cosB+isinf) # \/E“L,i’—,’f—!t‘ r>0 3% —nm<O<m- 4 %
1+i
.\ 26
) & (Z0) g3 atbimiin 49 afob ik 4 2)

(b))% w=cosa+isina-* %2 T2 FPHETIL T EHn>

cosna = %(w" +w™) % sinna= %(a)n —w™M) -

o Al sinzacos3a=i(2cosa—c053a—c055a)° (8 4)
(c) &= #2 2 cosa — cos 3a — cos 5a = 0 il 3 o (4~)
Leti =+v-1.

A

(@) (i) Express thl in polar form r(cos 8 + isin ), wherer > 0 and —m < 6 < m. (4 marks)

\3+i

1+i

26
) . Express your answer in the form a + bi, where a and b are real

(if) Find (

numbers. (4 marks)

(b) Let w = cos a + i sin a. Using De Moivre’s theorem, show that for any positive

integer n,
cosna = %(w” + ™) and sinna = %(w” —w™M).

Deduce that sin? a cos3 a = 116 (2 cos a — cos 3a — cos 5a). (8 marks)

(c) Find the general solution of the equation 2 cosa — cos3a —cos5a =0 . (4 marks)



a b c
b+c c+a a+b
1+b 14c 1+4a

5. () FI& A fa i 7 8 o (7 =)

O)FE k5 FHce 2w x~yfrz 5 ArgE e 4l
x+ y +z=1
(E):{kx+ 5y + z=3 -
x+ ky— z=1
(i) Rkep- R & F () Fra- 7o 5 #)
(il)x k=3 F(E) e f# - (4 »)
() Raedh *x @it 7> ek

x+y+z =1
3x+ 5y+ z=3

x+3y— z=1
2x+2ﬁ+32=a

FRE T aBgt @R R R o 4 %)
a b c
(a) Factorize the determinant (b +c¢ c+a a+ b|. (7 marks)
1+b 1+4+c 1+4+a
(b) Let k be a constant. Given the system of equations with unknowns x, y and z:
x+y +tz=1
(E):{kx+ 5y + z=3.
x+ ky— z=1
(i) Find the range of k such that (E) has a unique solution. (5 marks)
(i) Suppose k = 3. Find the general solution of (E). (4 marks)
(c) Find the maximum value of a such that the system of equations
x+y+z =1
3x+ 5y+ z=3
x+3y— z=1
2x+2\/y+3z=a
has a solution. For this value of a, solve the system of equations. (4 marks)
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1. (a) #C

AP 1
|AC| - tan|(4P|CA) - tan% - \/§ ’ (l)
# |AD|?> + |AC|? =4 = |CD|? » &
¢DAC =§o (2)
¢ DALAC 4~ DA LAP»# DAL T & APC » #x DA L PC -

() ¢ (2) @ sin(2DCA) = :2]2: 2 F LDCA=Z-

FIAABC . %:§= 42,5 3 LACB_—o;(LDCB 4DCA+ LACB == -
* (1) > %1 |BC| = |AC| = V3 » ADCB 5 f# {EIDCIIBCI—W

PBCD st 21 [PAI(ADCB s 4) =2 -

(€4 M % DP ¥ 8 4c [DA| = |AP| » 1% AM 1 DP -
4 (1) @

|CP| = \/|AP|2 + |AC|2 = 2 = [CD| - (3)
@ ML DPe? g (8 CMLDP-
 LCMA L% %= % 4enT d & o
V2

M 5 DP v > @ |PM| == |DP| = -\/]AD|2 + [AP]2 = -
J LPMA 3 & + @|MA| = JTAPTZ — [PM]2 = 2 .

d LPMC % & & %2 (3) ¥ |[MC| = \/|CP|2 — |PM|? =\/;_40
IMA|2+|MC|2-|AC|12 V7

# cos(£CMA) = S MATINC] =
[ir: 7 /M ZMAC =2 215 cos(<CMA) = :g?: ]
V=l1'[x2h 2 ?
2. ()X F4aeng 5 hof o d { 3 P @ VA(x) = —x*(1—x%) = —(x* —x%) -
x?+h? = ? ?
2 2 2
(ii)dL—ZL(Zx3—3x5)°§JO<x<1’d2=0®2x3—3x5=0<:>x=\;—g°
F0<x< 500 % V() Liksen-
g§<x<1’g<0 vt V2(x) Biipeno
V6 412 -
A ve (B) = g st i -
2172 2 2172
(ii)) 220 = 2 (2x2 - 5x%) - g;0<x<1,‘” —o@2x2—5x4=o@x=?o
2
$0<x <E ddV>0 $—< <1’
\/_4 ,
'rﬂﬁL’(s 37;5){ My = Vi(x) fs -



(iv)

y
y =V2(x)
0 0.2 0.4 0.6 0.8 1 1.2X
2V3m . L
V)—— =>4
y=x y =
(mﬂ{_ﬁzgx=0§x=k°ﬂ{_ﬁ2@x=0éx=M°
Y= Y=

fore Mebhs e fh s 10 @

K 52 xzd +]2k xzd L x3 k+ x2  x3 2"_1
PEEFT R R T (77 R P
2

0
- k2 N 4k k2 k2\] )
6 3 2 6]/

>k=v2: (k>0)

¥ —=1 y 2 2 2
3. () 4 e » 18 4x2 —mP(x —5)2=4> T
y =m(x —+V5)
(m? — 4)x? — 2//5m?x + 5m?> + 4 =0 - (1)

ERLEHF A ARIIBE D) FAa 2 kPR E&m?i—4+03% (1)
W0 TmE 42 %

(=2v5m?)” — 4(m? — 4)(5m? + 4) > 0 - @)
d(2) 8 64m> +64 >0 o3 BNEAF mnA 2 o om B EEFLRN {£2)

()4 (1)
2v/5m? 5m? + 4
Nty =g P T 3




04L0B=2. 22 4
X1 X2

= [m(x, - ‘/g)][m(xz - \/E)] +x,%, =0
= (M2 + 1)(x;1x2) — V5m?2(x; + x,) + 5m? =

= (m? + 1) <M> — V/5m? <2\/§m2> +5m? =

m2 —4 m?2 —4
= (m?+1)(5m? +4) —10m* + 5m?(m? —4) =0
= 11m? =4
2V11
1

>m=+

(d)"&‘fmZ\/gaT¥%(3);Y?§'x1+x2:10\/§£ x1x2=29’éix1$fx2;§i3:’
B @B AfeBB il - AL} o T4 ER Y, > 040y, <0 Rl
AAOB % # = AAOP % # + ABOP tha #4

1 1 1
= 10Ply; + 5 10PI(=y2) = 5V5(y1 = y2) *

1 = ¥2)? = (1 +¥2)° — 4y1y2 ,
= [V5(x; = V5) + V5(x; = V5)|” — 4[V5(x; — V5)][V5(x, — V5)]
= [\/g(xl +x,) — 10]2 — 20[x1x2 —V5(x; + x,) + 5]
= 1920 -
AAOB % #% £.20V6 -

. V3+i _ 2(costising) non C (T M\ _ o ca T
4. @ 140 V2(cosi+ising) ﬁ[cos(e p) Tisin (6 4)] = V2[cos( 2T lsm( 12)]

. V3+i) 28 26 T .. T

(ii) (25) = (V2) [cos(— ) + isin (- 2]
= 2*°[cos (— ?) + isin (— ?)]
_ 913 T .. s
= 2*°[cos(— g) + isin (— g)]
— 212\/§ —212; ,

(b) ¢

w" =cosna+isinnae % ™" =cos(—na) + isin(—na) = cosna — isinna

e AT E N % -

2 3
sin? a cos3a = [2% (w — w‘l)] E (w+ w‘l)]

= —%(wz -2+ w ) (@ +3w+30 T +w3)
[(w®+w™®) + (W +w™3)—2(w-—o01)]

_ 1
32
1

= E(Z cosa — cos 3a — cos 5a)

10



(©
2cosa —cos3a —cos5a =0 = 16sin‘acos’a =0
>sina=0 & cosa=0

T
=>a=km & a=—+k7‘r’kéi§$i

nm . 2
$a=7 ’n;_;\\gé’;aﬁ:o
@
a b c a b c
b+c c+a a+b|l=|la+b+c a+b+c a+b+c
1+b 14c¢c 1+4a 1+b 1+c 1+a
a b c
=(a+b+0c)| 1 1 1
1+b 14+c 1+a

a b—a c—a
1+b ¢c—b a-b»b

=(a+b+){(=D[B-a)a—b)—(c—b)(c—a)]}
=(a+b+c)a?+b?+c?—ab—bc—ca)

1 1 1
(b)) E)Fra-f#d 2 @4 |k 5 1[#0> Tk#13-
1 k -1
x+y+z=1
(ii)i&;’k=3"5ﬁ.§£%‘é¥{ 3x+5y +z=3>-
x+3y —z=1

. x+y+z=1 _ _ _
ﬁ*{3x+5y+2=3 Bx=1-2t>y=t-z=t teR

PRETRR KR Z S AR T B AR ol fF

-~

() x=>AzxF 2 A3 t=0 #® 21-20)+2Vt+3t=a- 3—(1—\/Z)Z=ao
dpi@rradbt BT 3% a=3FTt=123fpehzd x=—-1-y=1,z=1-

11



Suggested Answers:

1. (a) It follows from

lAc) =22l L _ 3 1)

tan(zPCA) tanz
that |[AD|? + |AC|?> = 4 = |CD|?. Hence,

4DAC =~ )
From DA L AC and DA 1 AP, we get DA 1 plane APC. Hence DA 1 PC.

(b) From (2), we have sin(2DCA) = :‘;IZ: ~ Hence, 2DCA = %

Since AABC is equilateral, ZACB = E' Hence, £DCB = £DCA + £ACB = g
Using (1), as |BC| = |AC| = /3, the area of ADCB is%lDCllBCl = /3.

The volume of PBCD is  [PA|(area of ADCB) = 22

(c) As M is the mid-point of DP and |DA| = |AP|, we get AM L DP.
Using (1), we get

|CP| = \/|AP|2 + |AC|2 = 2 = [CD|. (3)
With M is the mid-point of DP, we get CM L DP. Hence, the required dihedral angle is ZCMA.

As M is the mid-point of DP, we get |[PM| = % |DP| = %\/IADI2 + |AP|? = g
As £PMA is aright angle, we get |MA| = \/|AP|?2 — |PM|2 = \/Z—E
As 2PMC is a right angle, using (3), we get [MC| = \/|CP|2 — |PM|? = \%_4.
2 2_ 2
Hence, cos(2CMA) = MALHMCIPZIACE _ V7
2|MA||MC| 7
[Remark: One may prove ZMAC = - Then cos(£CMA) = :Zﬁ:
2. (a)(i) Suppose the height of the right circular cone is h m.
— 1 2 2
From {V ;R , We get V2(x) = n x*(1—x?%) = (x4 — x9).
. xz2 +h?=1 .

(ii)dL:zi(Zx3—3x5) When 0 < x < 1, dL=O®2x3—3x5 =0<:>x=§.

When 0 < x < £ dL > 0. So, V?(x) is increasing.

When £ <x<1], < 0. So, V2(x) is decreasing.

Hence, VZ( ) = |s a local maximum value.

2
(ill)dz— (Zx —5x4)WhenO<x<1——0(:>2x — 5x* —O®x=@.
2y/2 2y72
When 0 < x <‘/5_°,‘” > 0. When£< <1,4L <.
Hence, (‘/5_ 4 ) is an inflection point of the curve y = V2(x).

12



(iv)

y

y =V*(x)

X

0 0.2 0.4 0.6 0.8 1 1.2

()2‘/__” 3
y=x y=x
(b) Solving{ x2,wegetx =0orx =k, Solvmg{ 2 wegetx =0orx=2k.

Y= k Y= 2k

As the area of the bounded region is 1, we get

Ky2  x2 2k 2,37k
fo?—ﬁdx+£€ x__dx_1:>I6kl 7——] =1

-4

=>k=v2. (k>0

2 _¥?
_Y 9 .
3. (a) From {x 4 , we get 4x% — m?(x —/5)? = 4. That is,
y=m(x — \/§)
(m? — 4)x? — 2//5m?x + 5m? + 4 = 0. (@))

(b) As the non-vertical line L and H have two distinct intersection points, (1) has two distinct
real roots. So, m? — 4 # 0 and the discriminant of (1) is bigger than 0. That is, m # +2 and
(=2v5m?)” — 4(m? — 4)(5m? + 4) > 0. @)
From (2), we get 64m? + 64 > 0, which is true for all m. Thus, the range of m is R \ {+2}.
(c) From (1), we get
2v/5m? 5m? + 4

> and x;x,

m2 —4 T Tmz—4° ®3)

x1+x2=

13



Hence,
0oAaL0B=2.22- 4
X1 X3

= [m(x; — V5)][m(x; = V5)] + 212, = 0
= (m? + 1) (x;x,) — V5m2(x; + x,) + 5m2 = 0

2 2
=>(m?+1) <5m—+4> —V/5m? (2\/§m4> +5m? =0

m? —4 m? —
> (m?+1)(Gm?+4)—10m* +5m?(m?—-4) =0
= 11m? =
2V11
>m= iT'

(d) Substituting m = /5 into (3), we get x; + x, = 10+/5 and x;x, = 29. So, x; and x, are positive
numbers. Hence, we know that points A and B are on the same branch. We may assume y; > 0 and

vy, < 0. Then,
area of AAOB = area of AAOP + area of ABOP

1 1 1
= 10Ply; + S 10PI(=y2) = 5V5(y1 = 2).
By direct calculation,
1= 2)* = 1 +¥2)* — 41y,
= [VB(x; = V5) + V5(x, — V5)]” — 4[V5(x; — v5)][V5(x, — V5)] = 0
= [\/g(xl +x,) — 10]2 — 20[x1x2 —V5(x; +x,) + 5]
= 1920.
The area of AAOB is 20/6.

. V3+i _ 2(cosgising) non c (T Ty _ o ca (T
4. @0 140 V2(cosi+ising) \/E[COS(6 y) Tisin (6 4-)] = V2[cos( P T Sm( 12)]
N V3+i) 2 26 T n
(ii) (25) = (V2) " [cos(— ) + isin (- 2]
= 2"°[cos (— ?) + isin (— ?)]
— 913 ~"N+isin(=Z
= 2"°[cos( 6) + lsm( 6)]
— 212\/§ — 2125,

(b) The results follow from the sum and difference of

w" =cosna +isinne and w™" = cos(—na) + isin(—na) = cosna — i sinna.

2 3

sin? a cos3a = [% (w — w‘l)] E (w+ w‘l)]
= —%(wz -2+ w ) (@ +3w+30 T +w3)
[(w®+w™®) + (@ +w3)—2(w-—o01)]

_ 1

32
1

= E(Z cosa — cos 3a — cos 5a)

14



(©
2cosa —cos3a —cos5a =0 = 16sin®acos’a =0
=>sina=0orcosa=0

T
= a = km or a=§+kn,kisaninteger

nm . .
>a= 7, n 1s an integer.

5 (a
@ a b o a b c
b+c c+a a+b|l=la+b+c a+b+c a+b+c
1+4b 14c¢c 1+4a 1+b 1+c 1+a
a b c
=(a+b+0o)| 1 1 1
1+b 14+c 1+a

a b—a c—a
=(a+b+c)| 1 0 0
1+b c¢c—b a-b»b

=(@a+b+){(=D[B-a)(a—b)—(c—b)(c—a)]}
=(a+b+c)a*+b*+c?—ab—bc—ca)

1 1 1
(b)(i) (E) has a unique solutionifandonly if |k 5 1 |+ 0,thatis, k # £3.
1 k -1
x+y+z=1
(i) When k = 3, the system of equations becomes { 3x+5y +z=3
x+3y —z=1

xt+y+z =1
3x+5y +z=3"

This solution also satisfies the third equation and hence is the general solution of the system of
equations.

Solving{ wegetx=1—-2t,y=t z=t teR

(c) Suppose the system of equations has a solution. Then there exists t > 0 such that

. 2 .
2(1—2t) + 2/t + 3t = a, thatis, 3 — (1 —v/t)” = a. Hence, we know that the maximum value of a
is 3. When a = 3, we have t = 1 and the solution of the system of equationsisx = -1,y =1,z = 1.

15



